The study of formation and evolution of waves in mud-flows is strongly motivated by their destructive power. The rheology of these flows, which involve massive solid transport, is often described using linear or non-linear viscoplastic models. The paper analyzes the wave dynamics of mud-flows, presenting the linearized response of the 1D uniform flow of a viscoplastic fluid with yield stress, i.e. Herschel & Bulkley fluid, to a pointwise impulsive forcing term. The solution in either linearly stable or unstable conditions is found, for both subcritical and supercritical flows, through the bilateral inverse Laplace transform. The analysis offers a unified description of the behaviour of different non-newtonian fluids, recovering as particular cases both the Bingham and the power-law models. The influence of the dimensionless governing numbers and of the rheological parameters on the shape and peak of waves is investigated. 
Introduction
Several geophysical flows (such as debris flows, submarine avalanches, snow avalanches, etc...) involve massive movement of solid particles carried by a fluid. Since these flows macroscopically behave as the motion of a fluid down a slope, they are often analyzed with the methods of fluid mechanics. Since the characteristics of such phenomena depend on many factors (such as suspended solid concentration, particle size and shape, pore pressure, etc...), several different models have been proposed, either based on two-phase approach [31, 55, 25] , or on a single-phase description of the flowing medium, considered as a homogeneous continuum. Within the latter category several formulations have been adopted based on different rheological laws, such as newtonian models [33, 63, 29] , viscoplastic models [33, 48, 40, 26, 27] , dilatant fluid models [7, 60, 41] , dispersive or turbulent stress models [6, 49, 29] , biviscous modified Bingham models [15] and frictional models [47, 31] .
Among the models with a yield stress, linear (Bingham) or nonlinear (Herschel & Bulkley) viscoplastic ones are the most widely used to describe the rheology of laminar mud-flows [40, 27, 32] . Flow of media with viscoplastic behaviour may occur, for instance, during floods, inundations, tailing dams failure or even landslides. Distinctively, in many cases the flow is unstable and the formation of roll-wave trains is observed, which contributes to their destructive potential. For example, in debris-flows roll-wave trains may devastate people, animals and plants along their path, since they often contain, or are thought to move, large boulders and rocks travelling with the flow [36] . The interest in studying similar flows in the context of environmental hazard assessment therefore arises from the need to protect human lives and properties.
In many geophysical situations, variations in the flow occur on lengths larger than the thickness and along a preferential direction. Thus, the one-dimensional shallow-water approximation of the momentum and mass conservation equations, with the depth-averaged quantities as unknowns, may be fruitfully applied to describe the flow, both in the fully-non-linear and linearized versions. In presence of yield stress, the simplest one-dimensional model considers two differential equations (mass and nomentum conservation) and an algebraic one for the thickness of the plug-flow zone [3] . Although more complex models have been proposed for both Bingham and Herschel & Bulkley models [40, 53, 26, 27, 8, 24] the two-equation model remains the most used in engineering applications [13, 35, 1, 2, 4, 5] and for such a reason it will be considered in what follows.
Despite the inherent simplification behind, linearized approach allows to capture several interesting features of the complete flow models, with the advantage of providing analytical solutions, which constitute a valuable benchmark for numerical modelers [61, 65, 21] . Indeed, as far as the simplest rheological model is concerned (i.e.: newtonian fluid), the solution of the Linearized Saint-Venant Equations (LSVE) has been deduced by different techniques [37, 11, 23, 64, 38, 39, 57, 14, 20] and it has been variously applied. For instance, the knowledge of its analytical expression allowed to enlighten some peculiar flow features of the waves [37, 57, 16] , to design automatic controllers for water distribution in openchannel systems [38, 39, 42] , to assess the applicability of simplified methods for flood routing [64] , to predict the propagation of long ocean waves into channels [9] , to conceptually support semi-empirical criteria aimed to predict roll-waves occurrence [43, 34, 17, 19] . The effectiveness of these semi-empirical criteria also for frictional granular flows [18] corroborates the validity of linearized analysis for media characterised by a more sophisticated behaviour.
With reference to a non-newtonian fluid, the linearized model has been used only to investigate the occurrence of unstable conditions of flow. Considering a powerlaw fluid, in absence of yield stress and in laminar condition, Ng and Mei [45] carried out a normal analysis to individuate the flow stability conditions. The power-law model was also adopted by Hwang et al. [30] who accounted for the effect of surface tension and performed a linear stability analysis of film flows down an inclined plane. Pascal [51] generalized the results of Ng and Mei [45] investigating the generation and the structure of roll-waves developing on the surface of a power-law fluid layer flowing down a porous incline. The effect on the stability of prescribed superficial shear stress on a power-law fluid has been instead analyzed in [52] . With reference to the linearized version of a twoequation Bingham fluid model, Trowbridge [62] , examining the temporal growth or decay of a spatially periodic disturbance, deduced the conditions for which a base uniform flow is linearly unstable. The generality of this method, which only requires the shear stress to be a single-valued differentiable function of the flow depth and velocity, allowed to determine the instability conditions even for other rheological models, such as Herschel & Bulkley [14] and Generalized Viscoplastic models [68] .
From the above discussion it follows that while the occurrence of linear instability in non-newtonian flows has been investigated for several rheologies, the analytical solution of the linearized flow model has not yet been discussed in its complete form.
In the present paper the response of the uniform flow of a 1D linearized Herschel & Bulkley fluid to a pointwise impulsive forcing term in an unbounded domain is derived, for both subcritical and supercritical flow conditions. The effects of both yield stress magnitude and of the rheological index are discussed and analyzed in stable and unstable conditions of flow, recovering as particular cases both the Bingham and the power-law models. The paper is structured as follows. The section 2 introduces the considered mathematical model. Analytical solution of the problem is deduced in section 3. Analysis and discussion of the results are presented in section 4. Finally, conclusions are summarised in section 5.
Governing Equations
Let us consider a homogeneous medium flowing over a fixed bed without lateral inflow or outflow. The density of the flowing material and the bed slope are assumed to be constant. Supposing that spatial variations occur over scales larger than flow depth, that the flow resistances by the sidewalls are negligible with respect to those by bottom, and finally that momentum correction factor is equal to unity, the dimensional depth-averaged momentum and mass conservation equations are [5] :
where x is the streamwise coordinate, t the time, g and ρ the gravity and the fluid density respectively, h the flow depth, ũ the depth-averaged velocity, θ the bed inclination respect to the horizontal plane. For the Herschel & Bulkley flow model, the shear stress at the bottom ( b τ ) is expressed by the following relation [5] :
in which c τ is the yield stress, µ is the consistency and n the rheological index, ranging between 0 and 1 for a shear-thinning fluid [10] . In uniform condition of flow, denoted by subscript 0 , the following relation holds: Introducing the dimensionless quantities:
(5) and accounting for (4), (1)- (3) can be rewritten in the following dimensionless form: In the present paper only laminar flow conditions, which can be often encountered in natural mud-flows [46] , are considered. While there are several empirical criteria proposed for free-surface flows of Bingham fluids [67, 56, 44] , a widely accepted criterion for defining the transition from laminar to turbulent regime does not exist for fluids characterised by a Herschel & Bulkley model [27] . Therefore similarly to [27] , the following criterion of Qian and Wan [56] for Bingham fluid is assumed herein to roughly define limiting values of the dimensionless parameters for predicting the transition:
Such a value may be considered as an upper bound for the stability of a Herschel & Bulkley fluid, since experimental evidences have shown that the transition to turbulence is delayed in shear-thinning fluids compared to Newtonian fluids, i.e. it occurs at a higher generalised Reynolds number [54, 58, 59] . In what follows only uniform base flows satisfying the following condition are considered:
Superposing a small perturbation (u p , h p ) to a uniform base state flow, the linearization of (6) and (7) leads to following system of first-order differential equations:
Considering the relation (8), the following expressions are deduced:
The first-order system (12)-(13) can be rewritten in terms of p h only as follows:
where the expressions of the positive functions (19) or equivalently:
Therefore the base uniform flow is stable (resp. unstable) when F < F * (resp. F > F * ). For shear-thinning media (n < 1), independently on the yield stress it is easy to verify that the marginal condition (F = F * ) always corresponds subcritical conditions of flow (F < 1). Finally, it is worth of note that accounting for (20) , equation (16) can be rewritten in the following equivalent form: 
with Z(x,t) defined as: 
and accounting for the jacobian of the transformation ϕ ,
equation (24) can be rewritten as:
with: 
Equation (28) has been solved through the bilateral Laplace transform [50] specifying in the inverse transform the sign of ξ, η and α. The sign of α directly follows from (29) and (31) . Indeed, accounting for that, as far as a shear-thinning medium is concerned, F * is always less than one, it follows that α is always positive except when F < F * . The sign of ξ, η directly follows from the time positive definiteness requirement. For F ≠ 1, such a requirement leads to the following inequality that the (ξ,η) pair has to satisfy: 
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Re 2 (36) with:
Results and discussion
The analytical expressions (33)- (36) Accordingly to the definition of stable/unstable conditions, Figures 1-3 clearly show that the initial disturbance decays in time for stable base-flow (F < F * ), whereas under unstable conditions the initial disturbance grows indefinitely. Moreover, a neat influence of the rheological parameters on the impulse response is observed, since the variations of n and χ affect both the amplitude, the shape and the propagation of the decaying wave, as well as the growth of the maximum wave height under unstable conditions. Prompted by these observations, the influence of the rheological parameters on the evolution of the peak of the wave under both stable and unstable flow conditions is analysed in detail in the following.
Equations (33)- (36) show that, for both stable and unstable flow conditions, owing to the presence of the two Heaviside functions, the perturbed domain for t > 0 is delimited by the two rays of the (x, t) plane x = c 1 t and x = c 2 t. In the fan between these two rays, the shape of the wave results from the interaction between the exponential and the Bessel functions. The former produces an exaltation of the wave on the rays such that x/t > c 3 and a damping elsewhere. Since for stable base flow c 1 is always smaller than c 3 , this implies that the exponential factor acts as a damping in the whole perturbed domain, while in the unstable conditions (c 1 > c 3 ) there is an exaltation in the region delimited by the rays x/t = c 1 and x/t = c 3 . While the type of Bessel function depends on base flow conditions, i.e. the 0-th order Bessel function J 0 in unstable conditions, and the modified one I 0 in stable conditions, its argument attains always its maximum of the ray x/t = (c 1 +c 2 )/2 and vanishes on the bounds of the perturbed region.
In unstable condition of flow, accounting for that the product of ordinary Bessel function J 0 and the exponential factor attains its maximum on the ray x/t = c 1 , it follows that the maximum of the wave simply travels with celerity c 1 and that it grows in time as:
with:
Accounting for the monotone increasing character of the f 2 (n, χ) function respect to both n and χ arguments and considering that F * grows with n and decreases with χ (see equations (17) and (19) ), the increase of χ results in an increase of λ. Although a monotone character for the behaviour of λ as a function of n cannot be a priori established, Figure 4 shows that in the investigated range of the dimensionless parameters (Re = 10, F = 1.2 (left) and F = 1.5 (right)), λ exhibits a monotonically increasing character with respect to both the yield stress and the rheological law index. It is worth of noting that substituting in (38) t = x/c 1 , the spatial growth instead that the temporal one is obtained and the corresponding growth rate coefficient γ may be found as:
For supercritical unstable flows, expression (40) may be employed as a key element for developing a minimum-channel-length criterion for roll-waves occurrence, similarly to the clear-water case [43, 34, 17, 19] . On the other hand, for a subcritical unstable flow of a Herschel & Bulkley fluid the potential influence of downstream boundary condition has to be accounted for. Based on the preliminary attempt in this direction suggested in [22] , future research efforts will be devoted to explore this topic. Under stable condition of flow, in the perturbed region the behaviour of the modified Bessel function is non-monotonic and therefore the analysis of the maximum is not so straightforward as in the unstable conditions. Considering dimensionless times much larger than Re/f 2 (n,χ) it can be shown [66] that the linearized equation (21) ), it can be easily found that:
with the variance parameter σ and the height of the perturbation Ψ(0,t) given by: 
As far as the asymptotic peak propagation velocity c * is considered, increasing χ results in an increase of c * , whereas is it easily verified that the celerity decreases monotonically with n. Figure 5 shows such a dependence for two different Froude numbers, namely F = 0.05 (left), F = 0.15 (right), for a fixed value of Reynolds number (Re=10). Accounting for equations (17) and (19) , from equation (41) it follows that while the variance parameter σ 2 is a monotonically decreasing function of the dimensionless yield stress χ, the monotonic character is not preserved with respect to n. Conversely, the maximum wave height shows a monotonically decreasing dependence on n and a non-monotonic one respect to χ. A graphical representation of the above behaviour is given in Figures 6 and 7 , where the variance parameter σ 2 and the coefficient: From the above results it follows that both rheological parameters n and χ strongly influence the behaviour of the solution in both stable and unstable conditions of flow. Therefore the rheological characterization of a mud-flow, which is carried out through laboratory experiments, assumes a crucial role for a correct prediction of flow dynamics. As a final remark, it is important to point out that the knowledge of analytical solution (33)- (36) allows to easily recognize the convective character of the instability, independently from the rheological parameters, considering the long time behaviour on the x/t = 0 ray [28] . In fact, for the subcritical unstable condition the solution (34) on the x/t = 0 ray reads: 
Since both the Bessel and the exponential factor decay for t → ∞, it follows that the disturbance is asymptotically swept away from its initial position. On the other hand, the convective character of the instability in the supercritical condition is evident, since the x/t = 0 ray is outside of the perturbed domain.
Conclusions
The study of free-surface geophysical flows with massive solid transport is necessary in the framework of environmental hazard assessment to protect human lives and properties. These flows are often treated as those of a non-newtonian fluid with a viscoplastic behaviour and a yield stress, i.e. adopting the Herschel & Bulkley flow model. The paper provides the analytical solution of 1D twoequations Herschel & Bulkley linearized flow model, subject to a pointwise impulsive disturbance in an unbounded domain. The influence on the solution of the dimensionless governing parameters, i.e. Reynolds and Froude numbers, along with the rheological parameters, i.e. yield stress and law exponent, is studied. The spatio-temporal behaviour of the wave peak is analyzed for both stable and unstable conditions of the base flow, showing that the rheological characterization of a mud flow assumes a crucial role for correct prediction of flow evolution.
